The first law of entanglement has been used to obtain the linearized Einstein equations of the holographic dual spacetimes. In the present paper, the first law of entanglement in Quasi-Topological gravity is explicitly derived by using the Iyer-Wald formalism. In addition, we investigate the extended first law of entanglement for the special case in Quasi-Topological gravity. 
Introduction
One of the most interesting questions in AdS/CFT [1] [2] [3] is how the dynamical spacetime in AdS emerges from the CFT physics. The past decade has seen considerable progress in addressing this problem [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , throughout which quantum entanglement plays an essential role. It is well known since [4, 5] that entanglement entropy is holographic dual to the area of bulk extremal surfaces. Motivated by this proposal, the authors of [6, 7] suggested that the structure of quantum entanglement in the QFT state should play the crucial role in bulk reconstruction. Further evidences for the connection between geometry and entanglement, such as entanglement wedge reconstruction, have appeared in [8, [11] [12] [13] [14] [15] .
At the same time, it was shown that the first law of entanglement for ball-shaped regions in the CFTs implies the Einstein equations linearized around the AdS vacuum in the bulk [9, 10] . The demonstration is based on the first law of entanglement, which exhibits a relation reminiscent of the first law of thermodynamics [16] , i.e.
where δS A is the first variation of the entanglement entropy for a spatial region A, while δ H A is the first-order variation in the expectation value of the modular Hamiltonian H A . The last operator is defined as the logarithm of the unperturbed reduced density matrix, i.e. ρ A ≃ e −H A .
In general, there are few powerful tools to derive the linearized Einstein equations in the bulk from the first law of entanglement 5 . However, in the case of a spherical entangling regions in the vacuum of a CFT the problem is much more tractable [18] . In particular, the modular Hamiltonian is given by a simple integral
where T 00 is the energy density of the CFT, and B(R, x 0 ) denotes a ball of radius R centered at x 0 on a fixed time slice. Thus, the first law eq.(1) for a ball-shaped region B simplifies to
where E B is defined as
In order to analyze the linearized gravitational dynamics, we need to find a gravitational constraint in AdS which is holographic dual to the first law in the CFT, i.e. 
The key ingredient in obtaining the gravitational constraint called the gravitational first law [10] is a result that the vacuum density matrix for B maps to a thermal state of the CFT on hyperbolic space by a conformal transformation 6 , see more details in [18] . Moreover, it is found by [10] that this gravitational first law can be regarded as the AdS-Rindler analogue of the Iyer-Wald first law for asymptotically flat black hole horizons. Then, by reversing the machinery used by Iyer and Wald [19] to derive the first law from the equations of motion, the linearized Einstein's equations denoted as δE g = 0 emerge from the gravitational first law.
In the last year, motivated by the extended black hole thermodynamics or black hole chemistry, the extended first law of entanglement in holography was established [20] including the variations of both the cosmological constant 6 We should mention that the fundamental role in deriving the gravitational constraints is Ryu-Takayanagi prescription [4] , which is held up for the general entangling surfaces more than sphere.
Λ and the Newton's constant G. For Einstein gravity in AdS 3 , the extended first law of entanglement can be written as
where c is the central charge of two dimensional CFTs. When energy is fixed, from (6) we see that the variation of entanglement entropy in CFT is proportional to the change of central charge. Alternatively, it is easy to derive the relation
from the entanglement entropy of a single interval
here l is the length of the interval and ǫ is the UV regulator. Hence the authors of [20] explicitly shows that entanglement entropy contains dynamic information about CFT in the gravity side of holography. Similar results can be found in Lovelock gravity [21] . Furthermore, the extended first law can give off-shell information about the bulk gravitational theory [20] . Therefore it is interesting to investigate the extended first law of entanglement in other gravity theories, e.g. Quasi-Topological gravity [22] , which includes cubic curvature interactions. Later, the studies of Quasi-Topological gravity with holography were exploited in [23] [24] [25] [26] .
In this note, we will restrict our attention to the gravitational first law of entanglement in Quasi-Topological gravity following [20] . For a spherical entangling surface, the first law of entanglement in the CFT vacuum state was holographically derived within the dual Quasi-Topological gravity. It may be regarded as a crucial ingredient in establishing the extended first law of entanglement in the CFT dual to Quasi-Topological gravity. We postpone a full analysis of the extended first law of entanglement for Quasi-Topological gravity.
The paper is organized as follows. In section 2, we briefly review the Iyer-Wald formalism which is essential to the gravitational first law (5) . In section 3, we introduce some facts about Quasi-Topological gravity, and then obtain the gravitational first law of entanglement along the approach of [20] . Some results of the calculations are in the appendix A. Finally, in section 4 we briefly discuss possible generalizations.
Overview of Iyer-Wald formalism
The Iyer-Wald formalism provides the most general derivation of the first law of black hole thermodynamics in terms of Noether charge [19] .
Let L be a diffeomorphism invariant Lagrangian. It can written as a
where ε is the volume form
For later convenience, we will also define:
Here ǫ is the Levi-Civita tensor, and our sign convention is ǫ tzx
The dynamic fields in the gravitational theory are collectively denoted by φ = {g µν , . . .}. The variation of the Lagrangian has the following form
where E φ are the equations of motion for the theory, and Θ is a boundary term called the symplectic potential current.
Let ξ be an arbitrary vector field, the variation of the Lagrangian under a diffeomorphism generated by
Noether's theorem, we can associate ξ a current
where the dot means the inner product of ξ with the form L. We can see that J is conserved on shell from
When the current J is conserved, we can have the Noether charge Q[ξ],
Next consider a variation δJ
where we used the background equations of motion E φ = 0 and the rules of the Lie derivative of a form,
If ξ is a symmetry of all the fields, i.e. δ ξ φ = 0, then we have
When φ satisfies the equations of motion, using (15) the above equation can be written as
For a Cauchy surface with a boundary ∂Σ, integrating (19) yields the following formula
where χ is defined as
To obtain the first law of black hole thermodynamics, we need choosing ξ to be the timelike Killing vector which is null at the horizon and Σ a time slice of the black hole exterior. ∂Σ have two parts, one at infinity and one at the horizon. The first law of black hole thermodynamics takes the form
This equation is the same as the standard first law δE = κ 2π
δS, because the integral at infinity is the variation in the canonical energy δE, while the integral at the horizon is κ 2π
δS. So we sketch the Iyer-Wald theorem. To establish the gravitational first law of entanglement, we should resort the fact [18] that the entanglement entropy for a ball-shaped region B in the CFT vacuum state is holographically dual to the Wald entropy of the AdS-Rindler patch,
Therefore we should apply the Iyer-Wald theorem to the AdS-Rindler horizon.
In fact, according to [10] , for a ball-shaped region B of radius R centered at x 0 in the CFT, the Ryu-Takayangi surfaceB = {t = t 0 , (
Poincaré coordinates is the bifurcation surface of the Killing horizon for the Killing vector ξ B , which vanishes onB,
This vector is actually proportional to ∂ τ in the AdS-Rindler coordinates (23) . Therefore the region Σ enclosed byB and B is a spacelike slice which can be regarded as the hyperbolic 'black hole'(i.e. AdS-Rindler space) exterior.
Based on this result, we apply the Iyer-Wald theorem to the Cauchy surface Σ and obtain the first law
where δE B [ξ B ] is the canonical energy appearing (22) . Moerover, we can show that δE B [ξ B ] is nothing but the "holographic" energy dual to the modular energy (4), see [10] . With these efforts, we derive out the gravitational first law of entanglement for an arbitrary higher-derivative gravity.
3 The first law of entanglement in Quasi-
Topological gravity
In this section, we derive the gravitational first law of entanglement for QuasiTopological gravity.
Let us begin with the Lagrangian for D = 5 Quasi-Topological gravity,
where L (2) is the four dimensional Euler density,
and L (3) is the curvature cubed interaction
is the Gauss-Bonnet coupling and
is the coupling of the curvature cubed interaction.
The action for Quasi-Topological gravity admits AdS 5 vacua as a solution [22] :
where the radius of curvature of the AdS 5 spacetime is
and the constant f ∞ is one of the roots of
There are also the solutions describing planar AdS black holes
where f (r) is given by roots of the following equation
where r 0 is the radius of the horizon. Besides these nice properties above, the most remarkable fact of QuasiTopological gravity which will be used later is that the linearized equations of motion in AdS 5 background precisely match the linearized equations in Einstein gravity. Combined with the known fact that the following perturbation
satisfies the linearized Einstein equations [20] , where H is a small perturbation parameter, we will take the metric (34) as a on-shell linear perturbation around AdS 5 vacuum in Quasi-Topological gravity. Due to the higher derivative term, we can't use the Ryu-Takayanagi proposal [4] to calculate the entanglement entropy of any region in the CFT. We should adopt the entanglement entropy functional in higher derivative gravity theory proposed in [27, 28] . For Quasi-Topological gravity, it has been found [29] that the surface in the bulk which minimizes the entanglement entropy functional for a ball-shaped region B(R, 0) in the CFT is
where we choose x 0 = 0 for simplicity. This result can also be inferred from the vanishing of the extrinsic curvature of the surface (35) , which leads the entanglement entropy functional reduce to the Wald functional of the horizon entropy [30] , then it is easy to see that the surface (35) is a minimal surface homologous to the boundary region B(R, 0) [10] . So our set up is almost the same as the one in Gauss-Bonnet gravity [20] , of which the gravitational first law of entanglement for Gauss-Bonnet gravity is obtained, see Eq. (4.37) in [20] . To get the gravitational first law of entanglement for Quasi-Topological gravity, we only need to focus on the cubic-curvature interaction L 3 , about which we will carry out some calculations.
Using the result presented in [31] , the symplectic potential current Θ and the Noether charge Q were given by respectively:
where P µνρσ is defined as
We now can use (36) to check the equality (22) for the cubic-curvature interaction (28) . Firstly, we can show that
for the cubic-curvature interaction (28) in pure AdS 5 background with the following identities
In fact, this calculation (38) supports the observation of [32] . Clearly, we have
From the result of the appendix A in [20] , we simply get
for the cubic-curvature interaction (28) . After a straightforward calculation, we find the explicit formula of the Noether charge Θ for the cubic-curvature interaction given in appendix A. For the perturbative spacetime (34), the variation of the Noether charge can be written as [20] 
We perform the calculation by using Mathematica and obtain
So the form of χ (21) on the bifurcation surface (35) is given by
Then we have
Meanwhile, as we have mentioned, the entanglement entropy of the ballshaped region B(R, 0) in the CFT can be computed by the Wald functional [30] S W ald = −2π
whereε ab is the binormal to the horizon.
Using the formula (6.4) of [10] , the binormalε ab in the perturbative spacetime (34) take the form
Now the Wald functional (46) can be written as 
Thus we find that the variation of the entanglement entropy for the spherical entangling surface is
Combing (45) and (50), we have
This is one of the expected formulas. For the integral of χ on the boundary B(R, 0), we have
Therefore we established the first law for Quasi-Topological gravity theory by using the Iyer-Wald formalism,
The extended first law for Quasi-Topological gravity
In this section we find that there could be an extended first law for QuasiTopological gravity which is analogous to holographic entanglement chem-istry in Gauss-Bonnet gravity. In particular, using the extension of the IyerWald formalism [20] we get an extended first law for Quasi-Topological gravity with varying the coupling of curvature interaction at fixed the cosmological constant Λ and Newton's constant G. We will focus on five-dimensional Quasi-Topological gravity, because it is straightforward to generalize the result obtained here to Quasi-Topological gravity in d + 1 dimensions.
To get the correct extended first law with varying the coupling of curvature interaction, we need an analytic expression of the cosmological constant Λ in terms ofL, G, α 2 and α 3 . Specifically, the cosmological constant Λ is a solution of the equation (30)
where
, we will take d = 4. However, we find that there is no such analytic function for the cosmological constant Λ when the values of α 2 and α 3 are general, due to f ∞ is a complicated function of Λ as a solution of the cubic equation (31) for five-dimensional Quasi-Topological gravity. From the analysis of [22] , the cubic equation (31) is equivalent to the following equation
, and we defined that
The cubic equation (55) . We will consider this special case and assume λ < 0, then
So the cosmological constant Λ is
. With f ∞ > 0, we have h ′ (f ∞ ) = −1 + 2λf ∞ + 3µf 2 ∞ < 0. So this AdS vacua is ghost-free. From the equation
, this AdS vacua can support can a black hole with a horizon at r = ω. In the following, the Lagrangian is conveniently written as
where α ≡ α 2 . Then we will find the extended first law of entanglement with varying α and G and L fixed. Because the metric doesn't have the explicitly dependence on α, we have:
From the equation of motion for Quasi-Topological gravity, it is easy to see that (61) is a solution to the extended linearized equation of motion. The extended first law with δα takes the form:
with
In [20] , the authors have derived the extended first law of entanglement with varying α in Gauss-Bonnet theory. So in this paper, we will only consider the modification to the extended first law of entanglement by the term L (3) in the Largaragian of Quasi-Topological gravity. The variation of the Neother charge δQ can be found from (81) in the appendix:
For a pure AdS, it is trivially that ξ ρ (· · · ) = 0, and δQ is reduced to
Next, according to the fact that δg µν = 0 means the symplectic potential current vanishes, we have Θ = 0 (66) Therefore the Iyer-Wald form coincides with δQ. Specifically, the Iyer-Wald form is as follows
The restriction of χ to the horizon is
By calculating the integral of χ over the horizon, we get
Furthermore, we can compute δS EE for the cubic term L (3) directly by differentiating the unperturbed entanglement entropy (46) with respect to α. The result agrees with the above one (69)
On the other hand, the restriction of χ to the boundary is
Integrating over the boundary, we have
At last, we calculate the first integral in (62)
(73) Then we can use (70), (72), (73) and the identity [20] 
to recast the extended first law of entanglement as
We note that this is just a part of the extended first law of entanglement for Quasi-Topological gravity. In order to get the completed one, we need also taking account of the extended first law of entanglement for Gauss-Bonnet gravity [20] . Combining these result, we have
76) With the expression of entanglement entropy for Quasi-Topological gravity, we find
(77) Hence, the extended first law is
Conclusion and outlook
In this paper, we derived the first law of entanglement for a ball-shaped region in the CFT whose holographic dual is Quasi-Topological gravity theory. We found this relation mainly using the Iyer-Wald formalism. This result suggests that Quasi-Topological gravity has well-defined properties for the linearized gravitational perturbation. It will be interesting to use other properties of entanglement entropy to find more constraints on Quasi-Topological gravity theory, for example the positivity of relative entropy [33] . We also investigate the extended first law of entanglement in Quasi-Topological gravity. Because there is no an analytic function of the cosmological constant Λ for the general α 2 and α 3 , we only discussed the case µ = −
in which the cosmological constant Λ has an exact form. Although we just consider the AdS 5 case, it is straightforward to obtain the similar result in AdS d+1 .
Another interesting problem is developing the first law of entanglement and its gravity dual for d=4 U(1) gauge theory, in which Maxwell theory is conformal. To get the entanglement entropy of Maxwell theory, we need to include the entanglement entropy of edge modes, which are the boundary degrees of freedom localized on the entangling surface generated by the gauge redundancy [34] . This result is equivalent to the statement that the contact term in geometric entropy is the entanglement entropy of the edge modes. Moreover, for d=4 Maxwell theory, Donnelly and Wall [34] find that the inclusion of the edge modes resolves the discrepancy between conformal anomaly and entanglement entropy in the universal logarithmic term noticed by [35] . One difficulty in formulating the first law of entanglement for d=4 U(1) gauge theory is what the boundary terms in the modular Hamiltonian corresponding to the edge modes are. On the other hand, the authors of [36] argue that the Ryu-Takayanagi entanglement entropy already includes an edge mode contribution, see also [37, 38] , so it is desirable to find the deep connection between the entanglement entropy of edge modes and Iyer-Wald formalism, we refer to [39, 40] 
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